On the long wave fluctuations in systems of particles interacting with hydrodynamic media by Nikolayenko, S.O. & Slyusarenko, Yu.V.
Section D. Theory of Irreversible Processes
ON THE LONG WAVE FLUCTUATIONS IN SYSTEMS OF
PARTICLES INTERACTING WITH HYDRODYNAMIC
MEDIA
S.O. Nikolayenko 1∗and Yu.V. Slyusarenko 1,2
1 Akhiezer Institute for Theoretical Physics
National Science Center ”Kharkiv Institute of Physics and Technology”, 61108, Kharkiv, Ukraine
2Karazin National University, 61077, Kharkiv, Ukraine
(Received October 28, 2011)
Our work oﬀers a stochastic approach for description of long wave ﬂuctuations in systems of particles interacting with
hydrodynamic media. The presence of long-wave ﬂuctuations in the system is caused by the random character of
external force. The description of ﬂuctuations evolution is based on the averaging of nonlinear dynamic equations over
random external force acting on the system. The evolution equations for large scale ﬂuctuations have been derived.
The considered system can be a model of neutron transport in hydrodynamic media. We obtain the dynamic equations
of long wave ﬂuctuations generated by external random force in hydrodynamic media with multiplication and capture
of neutrons and consider the inﬂuence of ﬂuctuations over the stability of steady states of such systems.
PACS: 05.20.Dd, 28.20Gd
1. INTRODUCTION
The study of non-equilibrium long-wave ﬂuctuations
was started decades ago by works [1–3]. In these
works it was shown that the presence of large scale
ﬂuctuations signiﬁcantly aﬀects process of relaxation
toward equilibrium. For example, such ﬂuctuations
are responsible for the relaxations of some systems to-
ward equilibrium according to power law (the “long
hydrodynamic tails” theory). Since then numbers
of works where devoted to study of role of non-
equilibrium long-wave ﬂuctuations in diﬀerent relax-
ation processes. The work [4] oﬀered the consis-
tent microscopic approach for description of non-
equilibrium long-wave ﬂuctuations using reduced de-
scription method. The detailed study of generation of
ﬂuctuations by external random force was presented
in the work [5]. This work continues our study of a
system which consists of particles of one type which
weakly interact with hydrodynamic medium, com-
posed of particles of another type. This system can
serve as a model for propagation of neutrons in hy-
drodynamic media. The kinetic and hydrodynamic
evolution stages for such system where studied in our
paper [6]. The role of non-equilibrium long wave ﬂuc-
tuations, generated by random initial conditions, in
relaxation of such systems towards equilibrium was
studied in paper [7] using the stochastic approach.
In the present work we consider the non-equilibrium
long-wave ﬂuctuations generated by external random
force and their role in the stability of the system.
2. AVERAGING OF DYNAMIC
EQUATIONS OVER EXTERNAL
RANDOM FORCE
We use the stochastic approach for derivation of evo-
lution equations of non-equilibrium long wave ﬂuctu-
ations to obtain evolution equation for average values
of description parameters and their correlations.
Let us consider a system which can be described
by parameters ζa (x, t), and the motion equations for
description parameters can be written in form:
∂ζˆa (x, t)
∂t
= La
(
x, ζˆ (x′, t)
)
+ Yˆa (x, t) . (1)
Here Yˆa (x, t) is the external random force, acting on
our system. The symbolˆover Ya and ζa denotes the
random character of this values caused by random-
ness of the force.
The presence of external random force in equa-
tions (1) raises the question of averaging of these
equations over the random forces Yˆa (x, t). The aver-
aging will result into general equations of ﬂuctuative
hydrodynamics for our system. Let us introduce the
average values:
ζsa1,..,an (x1, ..,xs, t) = 〈ζa1 (x1, t) .. (xs, t)〉 , (2)
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where the brackets 〈...〉mean averaging over the prob-
ability density of external random force W
[
Yˆ
]
:
〈...〉 ≡
∫
...W
[
Yˆ
]
DYˆ . (3)
Next we introduce the generating functional of the
average values ζsa1,..,an (x1, ..,xs, t):
F (u, ζa) =
〈
exp
∫
dxζˆa (x, t)ua (x)
〉
. (4)
The average value of order s can be derived by dif-
ferentiating this functional s times over ua (x):
ζsa1,..,an (x1, ..,xs, t) =
δsF (u, ζa)
δua1.. (x1) ..δuas.. (xs)
∣∣∣∣
u(x)=0
.
(5)
Finally we can deﬁne the generating functional
G (u, ξ) of correlation functions ξa1..as (x1, ..., xs; t):
G (u, ξ) =
∞∑
s=2
1
s!
∫
dx1...
∫
dxs×
×ua1 (x1) ...uas (xs) ξ(s)a1..as (x1, ..., xs; t),
(6)
which is related to F by expressions
F (u, ζa) = expG (u, ζa) ,
G (u, ζ) = G0 (u, ζ) + G (u, ξ) ,
G0 (u, ζ) ≡
∫
dxζa (x; t)ua (x) ,
(7)
where ζa (x; t) ≡
〈
ζˆa (x; t)
〉
. It is easy to show that
any functional A
(
ζˆ
)
averaged over external random
force according (3) can be written as functional of
correlation functions A
(
ζ, ξ(2), ξ(3), ...
)
:〈
A
(
ζˆ
)〉
= exp
(
G
(
δ
δζ
, ξ
))
A
(
ζ
)
. (8)
Now we can ﬁnd the evolution equation for gener-
ating functional by diﬀerentiation over time of the
deﬁnition (4):
∂F (u, ζa)
∂t
=
∫
dxua (x)
〈
e
 
uζˆYa (x)
〉
+
+
∫
dxua (x)
〈
e
 
uζˆLa
(
x, ζˆ (x′, t)
)〉
.
(9)
In order to shorten the latter expression the notation:
e
 
uζˆ = exp
(∫
dyζa (y; t) ua (y)
)
was introduced. The ﬁrst term in expression (9)
represents the action of external random force on
the system, the second one represents the evolution
processes within the system. In order to get the evo-
lution equation for generating functional we need to
perform averaging in both terms. After simple but
cumbrous transformations one can get ﬁnal expres-
sion for the second term〈
e
 
uζˆLa
(
x, ζˆ (x′, t)
)〉
= eG0(u;ζ)eG(u+
δ
δζ ;ξ)La (ζ) ,
(10)
though the averaging of the ﬁrst term requires some
estimations concerning the external force and some
mathematical tricks. We introduce two generating
functional: P (v;YN (t)) for average values
Ya1..an (x1..xn, t1..tn) ≡
〈
Yˆa1 (x1, t1) ..Yˆa1 (x1, t1)
〉
and P (v; bN (t)) for correlations of external random
forces ba1..an (x1, ..,xn, t1..tn):
P (v; bn (t)) =
∞∑
n=2
1
n!
∫
dx1..
∫
dxn
∫
dt1
∫
dtn×
×va1 (x1, t1) ..van (xn, tn) ba1..an (x1, ..,xn, t1..tn),
(11)
the same way as the functions F (u, ζa) and G (u, ξ)
were introduced in (2)-(8). It is clear that averaging
of any functional B
(
Yˆ
)
over external random force
Yˆ can be given by relation:
〈
B
(
Yˆ
)〉
= exp
(
P
(
δ
δY
, b
))
B (Y ) , (12)
similar to expression (7). Also the relation:〈
Yˆa (x, t)Q
(
Yˆ
)〉
= Ya (x, t) eP(
δ
δY ,b)Q (Y ) +
+
δP (v, b)
δva (x, t)
∣∣∣∣
va→ δδYa
eP(
δ
δY ,b)Q (Y )
(13)
can be easily proved.
In order to perform further calculations we apply
some restrictions on the external random force. Let
us assume Gaussian distribution of external random
force, existence of only pair correlations and possibil-
ity to separate spatial and time components of exter-
nal force correlation function:
bab (x1,x2, t1, t2) = bab (x1,x2) g (t1 − t2) . (14)
Here bab (x1,x2) is the spatial part of correlation
function, and the time part of correlation function
g (t1 − t2) is supposed to be non zero only at small
times |t1 − t2| < τ0. When assuming τ0 → 0 the
time correlation function g can be handled as smeared
delta function:
g (t) = g (−t) ,
∞∫
−∞
g (t) dt = 1.
These assumptions allow us to perform averaging of
the ﬁrst term in (9):〈
e
 
uζˆYa (x)
〉
= Ya (x, t)F (u, ζ)+
+
1
2
∫
dx′ub (x) bab (x,x′)F (u, ζ),
(15)
and after some transformations we come up to the
general non-linear motion equation for the descrip-
tion parameters of the system and generating func-
tional of correlation functions:
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∂ζa (x, t)
∂t
= La
(
x, ζˆ (x′, t)
)
+ Ya (x, t) ,
∂
∂t
G (u, ζ) =
{
exp
[
G
(
u +
δ
δζ
; ξ
)
− G (u; ξ)
]
− exp
(
G
(
δ
δζ
; ξ
))}∫
dxu (x)L (x; ζ)+
+
1
2
∫
dx′dx′′ua (x′)ub (x′′) bab (x′′ − x′)F (u, ζ).
(16)
Let us consider the simplest case — linear development of pair correlation only. So the dynamic equations
(16) are linearized near some equilibrium state ζ(0)a :
∂δζa (x, t)
∂t
=
∫
dx′Tab (x,x′) δζb (x′) +
1
2
∫
dx′dx′′Tabc (x,x′,x′′) ξbc (x′,x′′, t) + δYa (x, t),
∂ξab (x1,x2, t)
∂t
=
∫
dx′ξac (x1,x′, t)Tbc (x2,x′) +
∫
dx′ξbc (x2,x′, t)Tac (x2,x′) + gab (x1,x2, t) ,
Tˆab (x,x′) ≡ δLa (x; ζ)
δζb (x′)
∣∣∣∣
ζ=ζ(0)
, Tˆabc (x,x′,x′′) ≡ δ
2La (x; ζ)
δζb (x′) δζc (x′′)
∣∣∣∣
ζ=ζ(0)
.
(17)
Here δζa (x, t) is the divergence of description para-
meters from the equilibrium state ζ(0)a . We consider
only pair correlations of description parameters be-
cause the external random force has only pair corre-
lations. So, the correlations are generated by the ex-
ternal random force directly, but the correlations of
higher orders can be generated by pair correlations
only in a non-linear way and can be neglected in a
close to equilibrium case.
3. DYNAMIC EQUATIONS FOR SYSTEM
OF PARTICLES INTERACTING WITH
MEDIA
Now we can use the results obtained above for de-
scription of the speciﬁc system of particles interact-
ing with hydrodynamic media. Derivation of evo-
lution equations for such system in microscopic ap-
proach is considered in work [6]. In paper [7] the
long hydrodynamic tails theory for such system is
constructed. But here we consider more general case,
when the particles can be multiplied or captured by
media. This will make the model closer to real prob-
lems of neutron scattering in diﬀerent media. The
description parameters are temperature ζ0 (x, t) ≡
T (x, t), medium velocity ζi (x, t) ≡ vi (x, t), medium
mass density ζ4 (x, t) ≡ ρ (x, t) and particle density
ζ5 (x, t) ≡ n (x, t). The phenomenological terms, de-
scribing multiplication and capture of particles (see
for example [8]) are included in the equations. Value
K represents the overall growth (when K > 0) or de-
cay (when K < 0) of neutron density caused by the
multiplication and capture eﬀects, Deff is the eﬀec-
tive diﬀusion ratio, and value E describes the heat-
ing of the system by both multiplication and capture
processes. Some small eﬀects such as thermodiﬀusion
of neutrons are neglected. The evolution equations
are
T˙ (x, t) = − (v∇)T − T
(
∂p
∂T
)
ρ
(ρcv)
−1 (∇v)− κ
ρcv
ΔT + En + Y0 (x, t) ,
v˙i (x, t) = −1
ρ
(v∇) vi − ∇p
ρ
− 1
ρ
∇i (nT ) + η
ρ
Δvi +
1
ρ
(η
3
+ ζvisc
)
∇i (∇v) + Yi (x, t) ,
ρ˙ (x, t) = −∇ (ρv) ,
n˙ (x, t) = −∇ (nv)−DeffΔn + Kn + Y5 (x, t) .
(18)
In work [6] it was shown that presence of particles
can aﬀect the kinetic coeﬃcients such as viscosity η
or heat conductivity κ. Here we suppose that all the
kinetic coeﬃcients already include particle correction,
i.e. η = ηmedia + ηn ∗ n (see [6] for details), and after
linearizing we assume, that η = ηmedia + ηn ∗ n0. In
order to do further calculations we use Fourier trans-
formations of description parameters and correlation
functions:
δζa (x, t) =
∫
d3k exp (iqx) δζa (q, t) . (19)
Using these formulas one can easily rewrite equations
(17) in Fourier form, and it will be done further, but
ﬁrst we need to study the linearized motion equation
for description parameters without correlations:
δζ˙a (q, t) = Tab (q) δζb (q, t) , (20)
and ﬁnd the eigenvectors of evolution matrix Tab (q):
Tab (q)V
(μ)
b (q) = λ
(μ) (q)V (μ)a (q) . (21)
The orthogonal normalized system of eigenvectors
V
(μ)
a (q) where μ = 0, 1, 2, 3, 4, 5 will be used for con-
struction of solutions of equations, containing evolu-
tion matrix Tab (q). The complete expression for this
matrix is given by formula:
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Tab (q) =
⎛
⎜⎜⎜⎜⎝
−q2 κρcv −iqk Tρcv
(
∂p
∂T
)
ρ
0 E
−iqi 1ρ
(
∂ρ
∂T
)
ρ
− ηρq2δik − 1ρ
(
η
3 + ζ
)
qiqk −iqi 1ρ
(
∂ρ
∂ρ
)
T
0
0 −iqkρ 0 0
0 −iqkn 0 K −Deffq2,
⎞
⎟⎟⎟⎟⎠ (22)
and it has quite complicated structure, so that ex-
plicit solution of the eigenvector problem (21) can
not be found. Hence we use perturbation theory over
small q and small K in order to obtain approximate
solution. The ﬁrst order approximation for evolution
matrix T (1)ab (q) is the part of the evolution matrix lin-
ear over q. The second order correction changes only
the eigenvectors, not eigenvalues. A separate problem
is orthogonality and fullness of obtained eigenvectors.
It is important that scalar product (U, V ) = U∗aGabVb
and matrix
Gab =
⎛
⎜⎜⎜⎝
A
BS2 0 0
0 δikS2 0 0
0 0 CBS2 0
0 0 0 TρNS2
⎞
⎟⎟⎟⎠ (23)
providing anti Hermitian character of matrix(
U, T (1) (q) V
)
=
(
UT (1) (q) , V
)
can be constructed,
so its eigenvector system is orthogonal and complete
automatically. In (23) new symbols are introduced:
A =
1
ρ
(
∂ρ
∂T
)
ρ
, B =
T
ρcv
(
∂p
∂T
)
ρ
, C =
1
ρ
(
∂ρ
∂ρ
)
T
.
(24)
After calculation of second order corrections (similar
calculations are discussed in [7]) we obtain the eigen-
vectors and eigenvalues:
V (0) (q) =
√
Bρ
AC
(−C, 0, A, 0) ,
V (1,2) (q) =
√
1
2
(B,∓Stk, ρ, n0) ,
V (3,4) (q) = S
(
B, e
(1,2)
k , ρ, n0
)
,
V (5) (q) =
√
nT
ρC
(
−2B, 0, γρ, ρS
2
T
)
,
(25)
λ(0) (q) = − κq
2
γρcv
, λ(1,2) (q) = ∓iqS − q2ΓS ,
λ(3,4) (q) = −ηq
2
ρ
, λ(5) (q) = K −Deffq2.
(26)
In the latter the following value:
S2 = AB + Cρ +
nT
ρ
, (27)
represents sound velocity in the system, and
ΓS =
1
2ρ
{
κ (γ − 1)
γcv
+
4
3
η + ζvisc+
+
n0T
S2
(Deff + K) +
ρAEn
S2
} (28)
represents sound decay coeﬃcient.
Let us now consider the simplest spatially homo-
geneous case, which is at equilibrium at t = 0:
ζ(0) = const, δζa (x, 0) = 0. (29)
The stability of initial state can be provided by con-
dition:
Re
(
λ(μ) (k)
)
≤ 0, μ = 0, ..., 5 (30)
for all values of k. The external random force correla-
tions and the correlators of hydrodynamic parameters
are expected to be spatially homogeneous:
ξab (x1,x2, t) = ξab (x1 − x2, t) ,
gab (x1,x2, t) = gab (x1 − x2, t) .
(31)
Fourier transform of correlation functions reads:
ξab (q1,q2, t) = ξab (q1, t) δ (q1 + q2) , (32)
and the evolution equations are quite simple:
ξ˙ab (q, t) = ξac (q, t)Tbc (−q) + ξbc (−q, t)Tac (−q) + gab (q) , (33)
δζ˙a (q, t) = Tab (q) δζb (q, t) + δ (q)
∫
dkTabc (k) ξbc (k, t). (34)
Solving the equation (33) we come up with the result:
δζ˙a (q, t) = Tab (q) δζb (q, t) + δ (q) Za (t) , (35)
Za (t) =
1
2
Tabc;ij
5∑
μ=0
5∑
ν=0
∫
d3k
kikj
(
1− et(λ(μ)(k)+λ(μ)(−k))
)
λ(μ) (k) + λ(μ) (−k) F
μν
bc;ef (k) geff (k), (36)
Fμνab;cd (k) = V
(μ)
a (q)V
(v)
b (−q)V ∗(μ)a′ (q) V ∗(v)b′ (−q)Ga′cGb′d. (37)
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The explicit expressions for Tabc (k) and Tabc;ij
can be found from equation system (18) using deﬁn-
ition (17). Expressions (35)-(37) show us that corre-
lations of external random force result in additional
eﬀect on the system, that shifts the equilibrium point
from the state ζ(0) where it would be without corre-
lations. More interesting case occurs when the initial
state is unstable, i.e. equality (30) is wrong at least
for one λ(σ). For example if K > 0, according to
(26) we will have positive λ(5). If we consider this
case without correlations we would have exponential
growth proportional to exp(λ(5)t) for hydrodynamic
parameters. But according to (36) some components
of correlations contribution Za (t) grow twice faster
by the law exp(2λ(5)t), so correlations may accelerate
instability development. Therefore, when we consider
some medium under external neutron ﬂux which is
near equilibrium, presence of correlations in the ﬂux
(but not variation of neutron ﬂux density) can aﬀect
the equilibrium state of the system.
References
1. B.J. Alder, T.E. Wainright. Decay of the veloc-
ity autocorrelation function // Phys.Rev A. 1970,
v. 1, p. 18-21.
2. J.R. Dorfman, E.G.D. Cohen. Velocity-Cor-
relation Function in Two- and Three- Dimen-
sions. Low Density // Phys. Rev. Lett. 1970,
v. 23, p. 1257-1260.
3. M.H. Ernst, E.N. Hauge, J.M. van Leeven. As-
ymptotic Time Behaviour of Correlation Func-
tion //Phys.Rev. Lett. 1970, v. 23, p. 1254-1256.
4. S.V. Peletminskii, Yu.V. Slyusarenko. On the-
ory of long wave nonequilibrium ﬂuctuations //
Physica A. 1994, v. 210, p. 165-204.
5. S.V. Peletminskii, Yu.V. Slyusarenko, and
A.I. Sokolovsky. Kinetics and hydrodynamics of
long-wave ﬂuctuations under external random
force // Physica A. 2003, v. 326, p. 412-429.
6. S.O. Nikolyaenko, Yu.V. Slyusarenko. Micro-
scopic theory of relaxation processes in systems
of particles interacting with the hydrodynamic
medium // J. Math. Phys. 2009, v. 50, p. 083305-
083336.
7. S.O. Nikolyaenko, Yu.V. Slyusarenko. Theory
of macroscopic ﬂuctuations in systems of parti-
cles, interacting with hydrodynamic and gaslike
media // J. Math. Phys. 2010, v. 51, p. 113301-
113323.
8. A.I. Akhiezer, I.Ya. Pomeranchuk. Introduction
in the theory of multyplying systems (reactors).
2002, M.: “IzdaT”, 367 p. (in Russian).
      	

   
 
    
  	
   	

  	
	
	   	  
  		
 	
 
	
 	 	 	   
  		

 	 	
	
	
! " 	 	 #	 $  

 
	% 	 ! 
 	%  	   	
" 	   %   
  	 "
	 	  	 	 	    	
 &		
%
		
 
 	
! ! 	 
  	 	 # 	
	% 
	  % 
  	
	
! 	
 		
%  		

      	

        
       
  	   	

' 	
	
 ((  	 ! 
(  		
 	
 
)(
! ( (( 	 %(	
! ! 
(  		
(  
 () * ("!* 	 #	 (* ! 
( (	 
 
 	% (( ( (%!  	
	
 ("! 	
#
 (%% ( ! 
(  ("!  	
 (( 	  % 
 % 	
 &%
 		
 
  
  	 
(  (( 	 #  
%  
! 
(  	
((	
! 	
( 	
(  		
(
+,+
